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abstract
Gauge/gravity dualities are investigated from the worldsheet point of view. In [2],
a duality between 4d SYM and supergravity on AdS5 × S5 has been partly explained
by using an anisotropic scale invariance of worldsheet theory. In this paper, we refine
the argument and generalize it to lower dimensional cases. We show the correspondence
between the Wilson loops in (p+1)-d SYM and the minimal surface in the black p-brane
background. Although the scale invariance does not exist in these cases, the generalized
scale transformation can be utilized. We also find that the energy density of open strings
can be related to the ADM mass of the p-brane without relying on this symmetry.
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1 Introduction
Since the AdS/CFT correspondence has been conjectured [1], many evidences have been
found and various applications have been proposed by assuming its correctness. However,
it is still not clear to what extent this correspondence holds.
As a concrete example, let us consider the original AdS5×S5 setup. In the narrowest
sense, it is conjectured that 4d N = 4 super Yang-Mills theory (SYM) is equivalent to
type IIB supergravity on the AdS5 × S5 background, in the large-N and strong ’t Hooft
coupling limit. From various nontrivial checks, the conjecture seems to be correct at least
in this limit. This correspondence is often extended to finite ’t Hooft coupling, for which
the SYM corresponds to type IIB string theory in the classical limit. In some cases,
correspondence between finite-N SYM and fully quantized type IIB string is considered.
However, it is not apparent whether it really holds in such a wider sense. It is also not
clear whether the duality between theories with lower symmetries can hold. Clarification
of such issues is crucial for correct application of the duality. String worldsheet viewpoint
is expected to shed light on these questions and may provide a proof of the duality.
In [2], a part of the narrowest correspondence is explained by considering worldsheets
of strings propagating in the background of N coincident D3-branes 5. The essential point
is that an anisotropic scale invariance holds as long as worldsheets are located in the near
horizon region. This symmetry can be used to directly relate SYM to supergravity. If
we introduce a source D-brane close to the D3-branes, the string worldsheets stretched
between them can be regarded as a Wilson loop in N = 4 SU(N) SYM. By applying the
scale transformation so that the source D-brane is distant from the D3-branes but still
in the near horizon region, this system is described by supergravity on the AdS5 × S5
background. In this way, SYM and supergravity are related to each other by the scale
transformation.
In [4], it is proposed that there are dualities between (p+1)-d SYM and type II string
theory on black p-brane background for p 6= 3. At large-N and strong ’t Hooft coupling,
the energy density and Wilson loop in SYM are conjectured to correspond to the ADM
mass and a minimal surface of string worldsheet in the gravity side [5]. In this case,
SYM is not conformal and the background in the gravity side is not AdS. However, recent
numerical simulations for p = 0 SYM [6, 7, 8, 9] support the validity of the correspondence.
In this paper, we refine the proposal of [2] and generalize it to lower dimensional Dp-
branes and of finite temperature. We notice that the near horizon geometries of these
branes do not have the scale transformation as an isometry. To see the correspondence of
5For another interesting approach from worldsheet viewpoint, see [3].
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the energy density, it turns out that no symmetries are needed. By examining the origin of
the ADM mass, we can show that it is exactly equal to the energy of the D-brane system.
In the near extremal limit, the system is described by SYM. Then, by subtracting the
D-brane tension from the ADM mass, we obtain the energy density of SYM.
For the Wilson loops, a certain symmetry is needed to relate the gravity side to SYM
side. For this purpose we use the generalized scale transformation proposed in [10]. The
near horizon geometry of the black p-brane [11] in the unit α′ = 1 is given by 6
ds2 =
(U7−p
dpλ
) 1
2
[(
1−
(U0
U
)7−p)
dx2p+1 +
p∑
a=1
dx2a
]
+
( dpλ
U7−p
) 1
2
[ dU2
1−
(
U0
U
)7−p + U2dΩ28−p].
(1.1)
This geometry is invariant under the following transformation;
xA → c
−1xA (A = 1, 2, · · · , p, p+ 1), (1.2)
U → cU, (1.3)
λ → c3−pλ, (1.4)
where c is a real and positive parameter. As we will see, in the near horizon region, the
generalized scale transformation turns out to be a stringy symmetry. We then consider a
configuration in which the source D-brane is widely extended and located close to the Dp-
branes, as shown in the left picture in figure 1. In this case the Wilson loop is described
by the low energy effective theory of the open strings, that is, SYM. Then we apply
the generalized scale transformation so that the worldsheet is stretched in the vertical
direction and shrunk in the horizontal direction, as in the middle picture in figure 1.
Then, as in the right picture, the amplitude can be evaluated as the area of the minimal
surface in the black p-brane background. If we locate the source D-brane sufficiently close
to the Dp-branes in the original configuration, we can keep it in the near horizon region
during the deformation. In this way, the gauge/gravity correspondence follows simply,
once we can show the invariance.
This paper is organized as follows. In section 2, we examine the correspondence
between the energy density of SYM and the ADM mass of the black p-brane without
using any symmetries. In section 3, we discuss the generalized scale transformation and
show the correspondence between the Wilson loop in SYM and the minimal surface in
supergravity by applying the transformation. Section 4 is devoted to conclusions and
discussions.
6Here we assume λ≫ 1, and consider the region 1≪ U ≪ (dpλ)
1
7−p .
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Figure 1: The Wilson loop in SYM is represented by the string worldsheets stretching
between a source D-brane and the N coincident D-branes (left). By the generalized scale
transformation, the source D-brane is lifted away from the N D-branes but still in the
near horizon region (middle). This diagram can be evaluated as a minimal surface in a
curved background (right).
2 Energy Density and ADM Mass
In this section we discuss the correspondence of the entropy. We show it by directly
comparing the energy density of the Dp-branes and the ADM mass in the asymptotically
flat region. We do not rely on any symmetry here. It is in contrast to the case of the
Wilson loops which we will discuss in the next section.
We start with considering the system of open strings on the Dp-branes at finite tem-
perature. We do not impose a constraint that it is reduced to SYM. If we observe the
system at a point distant from the Dp-branes, the space-time is almost flat and described
by supergravity. However, if we come closer to the Dp-branes, in principle two types
of corrections will come in. One is the quantum gravity effect and the other is the α′
correction or stringy effect. We suppress them by imposing the condition
β ≫ 1, λ≫ 1, and N →∞, (2.5)
where β is the inverse temperature. The large-N limit, N → ∞ with λ = (2π)p−2gsN 7
kept fixed, suppresses closed string loops, and the conditions λ≫ 1 and β ≫ 1 guarantee
that the curvature is small everywhere outside the event horizon.
In general, the ADM mass is obtained by observing the gravitational field in the
asymptotically flat region. We regard the deviation of the metric from the flat one as a
graviton in the weak field expansion, and the ADM mass is calculated from the linearized
Einstein equation assuming that the source of the graviton is the energy-momentum
tensor. In order to apply this procedure, we first attach a tube of a closed string to the
7In terms of SYM coupling constant gYM , λ = g
2
YMN .
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Figure 2: A disk amplitude (left). We attached a long thin tube to the worldsheet.
open string worldsheet so that we can observe the system from the asymptotically flat
region (see, for example, the left diagram of figures 2 and 3). When the observer is distant
from the Dp-branes, this tube becomes propagation of massless bosons, and represents
the deviation of the metric from the flat space.
Let us consider a few examples. First we consider the contribution from the disk
diagram (left diagram of Figure 2). If we observe it in the asymptotically flat region, the
amplitude is replaced by the right diagram in figure 2, that is, a disk amplitude with a
vertex insertion. This amplitude is independent of the temperature because it does not
wrap on the temporal circle, and is proportional to 1
U7−p
, where U stands for the location
of the observer. (U−8 from a propagator and Up+1 from an integral over the location of
the disk.)
The second simplest diagram is the cylinder, which is regarded as a sum of two am-
plitudes as shown in figure 3. The middle diagram is similar to that appeared in the
previous example, while the right is the one-loop vacuum diagram of open strings with
an emission vertex attached. The middle diagram is independent of the temperature and
behaves as 1
U2(7−p)
(U−8×3 from three propagators, U−2 from a three point vertex in the
bulk, U10 from the location of the three point vertex and U (p+1)×2 from two integrals over
the location of the disks). The right one behaves as 1
U7−p
and depends on temperature.
Especially it vanishes at zero temperature as a result of supersymmetry. We can discuss
worldsheets with more boundaries in a similar manner.
Because the solution of the supergravity is uniquely determined by the mass, RR
charge and isometry, the sum of these contributions should reproduce the black p-brane
5
Figure 3: A cylinder amplitude (left) are regarded as two diagrams: a diagram corre-
sponding to the mass of the Dp-branes (middle); a one-loop diagram corresponding to the
energy density of the open strings (right).
solution
ds2 = f
−
1
2
p
[(
1−
(U0
U
)7−p)
dx2p+1 +
p∑
a=1
dx2a
]
+ f
1
2
p
[ dU2
1− (U0
U
)7−p
+ U2dΩ28−p
]
,
(2.6)
eφ = gsf
3−p
4
p , (2.7)
A1,··· ,p,p+1 =
1
2gs
(f−1p − 1), (2.8)
where
fp = 1 +
αpdpλ
U7−p
, (2.9)
αp =
√
1 +
(U7−p0
2dpλ
)2
−
(U7−p0
2dpλ
)
, dp = 2
7−pπ
9−3p
2 Γ
(7− p
2
)
. (2.10)
Here xp+1 is the Euclidean time, and compactified as xp+1 ∼ xp+1 + β.
For example, the (p+ 1, p+ 1)-component of (2.6) is expanded as
gp+1 p+1 = 1−
(
1
2
αpdpλ− U
7−p
0
)
1
U7−p
+O
( 1
U2(7−p)
)
. (2.11)
The right diagrams in figure 2 and in figure 3 represent parts of the second term, while
the middle diagram in figure 3 corresponds to the higher order terms.
In other words, the sum of the worldsheet amplitudes converges for large enough U , and
can be analytically continued to smaller U as (2.6). However, there are two possibilities
about the event horizon.
6
1. The Dp-branes form a black p-brane. In this case, the horizon radius U0 is deter-
mined by β from the absence of conical singularity as usual:
β =
4πU0
(7− p)
(
1 +
αpdpλ
U7−p0
) 1
2
. (2.12)
2. The Dp-branes form an extended object, and we have no event horizon. In this case
we can trust the solution (2.6) only outside the object, and a dynamical analysis of
the Dp-branes is needed to determine U0.
In any case, the ADM mass is determined by the asymptotic 1/U7−p behavior of
the fields. We formally integrate the (p + 1, p + 1)-component of the energy momentum
tensor Tµν and extract the surface term at infinity. Here Tµν is defined by the weak field
expansion of the Einstein equation:
Tµν =
1
2κ2
(
∂µ∂αh
α
ν + ∂ν∂αh
α
µ − ∂α∂
αhµν − ∂µ∂νh
α
β
− ηµν(∂α∂βh
αβ − ∂α∂
αhββ) + 4(∂µ∂νφ− ηµν∂α∂
αφ)
)
. (2.13)
In the Einstein frame hEµν = hµν −
1
2
ηµνφ, this becomes
Tµν =
1
2κ2
(
∂µ∂αh
Eα
ν + ∂ν∂αh
Eα
µ − ∂α∂
αhEµν − ∂µ∂νh
Eα
β − ηµν(∂α∂βh
Eαβ − ∂α∂
αhE
β
β)
)
.
(2.14)
The ADM mass (per unit volume of the Dp-branes) thus obtained is
M =
N2
4π2(7− p)dpλ2
(
(8− p)U7−p0 + (7− p)αpdpλ
)
. (2.15)
If we set U0 = 0, we have the zero temperature limit M0 =
N2
4pi2λ
, which is nothing but the
tension of the N Dp-branes and corresponds to the disk diagram depicted in figure 2. The
rest M −M0 comes from the vacuum amplitudes of open strings. The “mixed” diagrams
do not contribute to the ADM mass, because they are of order O( 1
U2(7−p)
) as in the middle
diagram in figure 3.
We can directly show the equivalence of the ADM mass and the energy of the open
string system. In general, the ADM mass is defined as the source of the graviton in the
weak field expansion. As we have seen in figure 2 and 3, in our case, it is nothing but
the expectation value of the graviton emission vertex. There might be a doubt about the
use of the weak field expansion near the Dp-branes, since the space-time is curved there.
However, this treatment is correct for the calculation of the ADM mass, because what
we need are processes of single graviton emission as the right diagram of figure 3. Then
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the coupling of the graviton to the open strings in the leading order of the weak field
expansion is obtained by setting the target space metric to
Gµν = δµν + hµν , (2.16)
in the worldsheet action of the string. Therefore the source Tµν of the graviton in (2.13)
is equal to the energy momentum tensor of the open strings on the flat Dp-branes.
2.1 Low Temperature Limit - Gauge/Gravity Correspondence
As we have discussed, it is not clear whether the event horizon is really formed or not.
However, if p ≤ 3 and the temperature is low enough, we have a rather strong evidence
for its formation. In the low temperature limit, the open strings on the Dp-branes can
be described by SYM. Since SYM is finite for p ≤ 3, the energy density is given by
dimensional analysis as
M =M0 + β
−p−1f(λβ3−p). (2.17)
On the gravity side, if we assume the existence of the event horizon, we can determine
U0 as a function of β by using (2.12) and then the energy density using (2.15). First, we
consider the near extremal region
U7−p0 ≪ dpλ, (2.18)
which is equivalent to
β ≫ λ
1
7−p , (2.19)
as long as (2.12) is satisfied. Then (2.12) is solved as U0 = const. ×
(
λ
β2
) 1
5−p
and (2.15)
gives
M = M0 + const.× β
−p−1
(
λβ3−p
)
−
3−p
5−p , (2.20)
which has the form of (2.17). Thus we have seen that the consequences of two assumptions
agree in a non-trivial manner. One is that the open strings form the event horizon, and
the other is that they are described by SYM in the low temperature region. Therefore it
is natural to conclude that both assumptions are correct.
On the other hand, if the condition (2.19) is not satisfied, the energy density obtained
from (2.12) and (2.15) no longer satisfies (2.17). Therefore either of the two assumptions
breaks down.
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Figure 4: Black p-brane temperature as a function of the horizon radius in the case p < 5
2.2 Open String/Gravity Correspondence
In this section, we assume that the event horizon is always there for any temperature.
Then we can trust (2.12) for any β and regard it as expressing the duality between the
open string system that is not necessarily reduced to SYM and the classical gravity.
To make the situation clearer, we rewrite (2.12) in terms of scaling variables
b =
4πu0
7− p

1
2
+
1
2
√
1 +
(
1
u7−p0
)2
1
2
, (2.21)
where
b =
β
(2dpλ)
1
7−p
, (2.22)
u0 =
U0
(2dpλ)
1
7−p
. (2.23)
As is shown in figure 4, two values of u0 correspond to the same temperature, if p < 5.
If u0 ≪ 1, the system is described by SYM and the temperature behaves as b−1 ∼ u
5−p
2
0 . If
we keep increasing the energy, the horizon radius u0 becomes larger, while the temperature
b−1 becomes maximum b−1c at u0 = uc, and then decreases to zero.
Let us see what happens to the system of open strings when the energy is increased
from zero to infinity. At the beginning when u0 ≪ 1, the open strings are in a low energy
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state and described by SYM. When we increase the energy, stringy excitations become
important and the system is no longer described by SYM, but still we can imagine it as a
gas of open strings. However, this picture breaks down when the temperature reaches the
maximum value b−1c , beyond which the heat capacity becomes negative. Although this
transition is reminiscent of the Hagedorn transition, some differences are there. Firstly,
this transition is caused by the interaction between the open strings. In fact, the maximum
temperature Tmax becomes lower as λ is increased as is seen from (2.23):
Tmax =
1
bc(2dpλ)
1
7−p
. (2.24)
Secondly the negative heat capacity indicates that the density of states becomes even
larger if we further increase the energy, which is contrary to what is expected from
the Hagedorn transition [12]. We finally comment that the metric (2.6) becomes the
Schwarzschild metric for large values of u0, so that Schwarzschild black hole is realized as
a system of dense and strongly coupled open strings.
3 Wilson Loop and Minimal Surface
In this section, we discuss the correspondence of Wilson loops. The procedure is analogous
to that in [2] and we use a worldsheet symmetry to relate SYM side and the gravity side
directly. For a while, we discuss the zero temperature case.
To find the symmetry, we examine the black p-brane solution at zero temperature,
which is written as (2.6) with U0 set to zero. In the near horizon region
U7−p ≪ dpλ, (3.25)
it becomes
ds2 =
(U7−p
dpλ
) 1
2
[
dx2p+1 +
p∑
a=1
dx2a
]
+
( dpλ
U7−p
) 1
2
[
dU2 + U2dΩ28−p
]
. (3.26)
This metric is invariant under the generalized scale transformation
xA → c
−1xA (A = 1, 2, · · · , p+ 1), (3.27)
U, → cU, (3.28)
λ → c3−pλ., (3.29)
where c is an arbitrary real positive number. Here we have checked the symmetry in the
supergravity limit. However, as we will see below, it holds in the stringy level provided
that the worldsheet is planar and located within the near horizon region and that λ≫ 1.
10
Figure 5: A Wilson loop in terms of the worldsheets.
The Wilson loop is given by a power series of λ as
W (λ) =
∞∑
n=0
λn−1
n!
Wn. (3.30)
Here Wn is the contribution of the worldsheet that has n boundaries corresponding to
the coincident N Dp-branes and one boundary corresponding to the source D-brane as
depicted in figure 5. At each solid circle we impose the boundary condition that corre-
sponds to the Dp-brane, and give factor N . At the dashed circle we take the boundary
condition for the source D-brane which creates the Wilson loop.
Before showing the invariance of the Wilson loop, we mention how the gauge/gravity
correspondence is shown by this symmetry. We start with a configuration in which the
source D-brane is widely extended and located close to the Dp-branes, as shown in the
left picture in figure 1. In this case the Wilson loop is described by the low energy ef-
fective theory of the open strings, that is, SYM. Then we apply the generalized scale
transformation so that the worldsheet is stretched in the vertical direction and shrunk
in the horizontal direction, as in the middle picture in figure 1. Then, as in the right
picture, the amplitude can be evaluated as the area of the minimal surface in the black
p-brane background. If we locate the source D-brane sufficiently close to the Dp-branes
in the original configuration, we can keep it in the near horizon region during the defor-
mation. In this way, the gauge/gravity correspondence follows simply, once we can show
the invariance.
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3.1 Scale Transformation of Boundaries
Let us examine how the boundaries transform under the scale transformation 8. In the
Green-Schwarz formalism, the boundary state of the Dp-branes is given by
|B(p,Xi)〉 = exp
[
∞∑
n=1
(1
n
M ijαi
−nα˜
j
−n − iM
abSa
−nS˜
b
−n
)]
|B0〉, (3.31)
|B0〉 = C|pA = 0〉|xi = Xi〉
(
M ij |i〉|j˜〉 −M a˙b˙|a˙〉|b˙〉
) ∞⊗
n=1
|0n〉, (3.32)
where C is a constant and Xi is the location of the Dp-branes [13]. M
ij , Mab and M a˙b˙
are defined by
M ij =
(
−1p+1 0
0 17−p
)
, (3.33)
Mab = (γ1 · · ·γp+1)
ab, M a˙b˙ = (γ1 · · · γp+1)
a˙b˙. (3.34)
Under the infinitesimal scale transformation c = 1 + ǫ, worldsheet coordinates, their
conjugate momenta and their super partners transform as
δX i(σ) = ǫM ijXj, δP i(σ) = −ǫM ijP j, (3.35)
δSa(σ) = iǫMabS˜b, δS˜a(σ) = −iǫMabSb, (3.36)
or, in terms of the modes we have
δαin = −ǫM
ij α˜j
−n, δα˜
i
n = −ǫM
ijαj
−n, (3.37)
δSan = iǫM
abS˜b
−n, δS˜
a
n = −iǫM
abSb
−n. (3.38)
The exponential factor of the RHS of (3.31) is invariant under this transformation due
to the supersymmetry, and only the zero mode part (3.32) gives a nontrivial factor. In
order to determine this factor, we consider the low energy limit, that is, SYM. By a simple
power counting we can show that the Feynman diagrams of SYM corresponding to Wn
are proportional to L(3−p)(n−1), where L is the size of the Wilson loop (see figure 6)9. For
example, in the SYM limit, W1 becomes 1, and W2 represents one-boson exchange and is
8In the following discussion, we consider type IIB superstring for concreteness but generalization to
type IIA is straightforward.
9 The first term W0 has no counterpart of SYM. However it is negligible compared to the other terms,
if the source D-brane is placed sufficiently close to the Dp-branes. Then W0 obeys the area law, while
the other Wn’s do the perimeter law.
12
Figure 6: Feynman diagrams of SYM corresponding to Wn. The dotted and wavy lines
represent the contour of the Wilson loop and a boson propagator respectively.
of order L(3−p). Because L transforms as xA (3.27), we find that the contribution to the
scale transformation coming from the boundaries is given by c−(3−p)(n−1).
Therefore if we apply the scale transformation (3.37) and (3.38) to the Wilson loop
(3.30), the factor coming from the boundaries is exactly cancelled by that from λn−1,
provided that λ is transformed as (3.29). Then the variation of the Wilson loop simply
comes from that of the worldsheet action.
3.2 Scale Transformation of Wilson Loops
The variation of the worldsheet action is expressed as an insertion of the vertex operator
that corresponds to the level zero part |B0〉 of the boundary state of the Dp-branes [2]. In
order to evaluate such insertion, we introduce an extra Dp-brane that is placed at Xi = zi
(i = p+2, · · · , 10). By Wn+1(z) we denote the worldsheet ofWn with one extra boundary
added that correspond to the Dp-brane placed at Xi = zi (see the right picture of figure
7). Then the operator insertion is expressed by an LSZ-like formula [2]
δSWn = ǫ
∫
d9−pz∆zWn+1(z). (3.39)
Here δS stands for the variation coming from that of the worldsheet action. By summing
up for n, we have
δSW (λ) = ǫ
∫
d9−pz∆zW (λ, z), (3.40)
W (λ, z) =
∞∑
n=0
λn−1
n!
Wn+1(z). (3.41)
Suppose that the source D-brane is located at a distance h from the N Dp-branes. Then
the worldsheet is stretched approximately in a region 0 ≤ |Xi| ≤ U , where U = max(ls, h).
For 0 ≤ |zi| ≤ U , we assume that W (λ, z) varies slowly with |zi|, that is,
W (λ, z) ∼W (λ, 0). (3.42)
13
Figure 7: A pictorial description of LSZ-like method.
When zi is larger than U but inside the near horizon region, the tube stretching to the
boundary at Xi = zi becomes thin and it is described by a propagation of massless states
of closed string. Therefore
W (λ, z) ∼
U7−p
z7−p
W (λ, z = U) ∼
U7−p
z7−p
W (λ, z = 0), (3.43)
for |zi| ≥ U .
From the last estimate, (3.40) is evaluated as
δSW (λ) ∼ ǫU
7−pW (λ, z = 0) =
ǫU7−p
λ
∂λ(λW (λ)). (3.44)
Here we have used the identity
W (λ, z = 0) =
∂λ(λW (λ))
λ
, (3.45)
which follows from Wn+1(z = 0) =Wn+1. Therefore we obtain
δS log(λW (λ)) ∼ ǫU
7−p∂λ log(λW (λ)) <
ǫU7−p
λ
log(λW (λ)), (3.46)
which indicates δSW (λ) is negligible compared to the Wilson loop W (λ) itself, if the
source D-brane is located in the near horizon region U7−p ≪ λ. Here we have assumed
that log(λW (λ)) is bounded by a polynomial for large λ so that ∂λ log(λW (λ)) is bounded
by log(λW (λ))/λ.
3.3 Generalization to Finite Temperature
Generalization to the case of finite temperature is straightforward. In the supergravity
limit, the black p-brane solution at finite temperature is written as (2.6) and in the near
horizon region (3.25) it becomes
ds2 =
(U7−p
dpλ
) 1
2
[(
1−
(U0
U
)7−p)
dx2p+1 +
p∑
a=1
dx2a
]
+
( dpλ
U7−p
) 1
2
[ dU2
1− (U0
U
)7−p
+ U2dΩ28−p
]
.
(3.47)
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Here we have also assumed the near extremal limit (2.18) in order that the event horizon
is inside the near horizon region. This metric is invariant under the generalized scale
transformation
xA → c
−1xA (A = 1, 2, · · · , p, p+ 1), (3.48)
U, U0 → cU, cU0 (3.49)
λ → c3−pλ, (3.50)
where c is an arbitrary real positive number.
We can show that this symmetry is extended to the stringy level as in the zero-
temperature case. The boundary state of the Dp-branes at finite temperature is given by
[14],
|B(p,X i)〉 = exp
[
∞∑
n=1
(1
n
M ijαi
−nα˜
j
−n − iM
abSa
−nS˜
b
−n
)]
|B0〉, (3.51)
|B0〉 = Cβ
∑
w∈Z
eiθw|w〉|pa = 0, nKK = 0〉|x
i = X i〉
(
M ij |i〉|j˜〉 −M a˙b˙|a˙〉|b˙〉
) ∞⊗
n=1
|0n〉,
(3.52)
where w is the winding number, nKK is the Kaluza-Klein momentum and θ is an ex-
pectation value of the Wilson line along the Euclidean time direction. Under the scale
transformation, this state transforms in the same manner as that of zero temperature,
and we can apply the same analysis to show the invariance of the Wilson loop as before.
Then by using the transformation, we can relate the SYM side to the supergravity
side. The only thing we need to check is the validity of the classical supergravity, which
we discuss below.
3.4 Validity of the Classical Gravity
Using the generalized scale transformation, we can show that the Wilson loop in SYM
(the left in figure 1) is equivalent to the long-stretched worldsheet (the middle in figure 1).
In this subsection we examine when the latter can be evaluated by classical gravity.
For simplicity, we consider the Polyakov line here. We assume that the source D-
brane is placed sufficiently distant from the event horizon h≫ U0, where h is the distance
between the source D-brane and the Dp-branes. First, the conditions (2.5) must be
satisfied after the transformation in order for classical gravity to be applicable. Hence the
scaling factor c should satisfy
c−1β ≫ 1, c3−pλ≫ 1, (3.53)
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or equivalently,
λ−1/(3−p) ≪ c≪ β. (3.54)
In order for c to exist we need
β3−pλ≫ 1. (3.55)
Note that β3−pλ is invariant under the generalized scale transformation, and can be re-
garded as the effective coupling constant of SYM as in (2.17).
Next, we require that after the transformation the source D-brane is located sufficiently
far from the Dp-branes so that the stringy excitations are suppressed around the minimal
surface. At the same time it must be in the near horizon region in order for the generalized
scale transformation to be applicable. Therefore, we need
1≪ ch, ch≪ (c3−pλ)1/(7−p), (3.56)
or equivalently,
h−1 ≪ c≪ λ1/4h−(7−p)/4. (3.57)
In summary, the classical gravity is valid when (3.54) and (3.57) are satisfied. It is
easy to check that such h and c exist if (3.55) is satisfied, assuming p ≤ 3. Then the
right picture in figure 1 can be evaluated as the area of the minimal surface in the black
p-brane background.
4 Conclusions and Discussions
In this paper, we investigated gauge/gravity dualities from the worldsheet viewpoint. We
directly related SYM to supergravity by analyzing worldsheets.
For the energy density or entropy, we have considered open strings on the D-branes
and a single graviton emission from them. We identified the graviton exchange amplitude
with the leading deviation of the metric from the flat one. Since the graviton is directly
coupled to the energy momentum tensor of the open strings, we can identify the ADM
mass per unit volume with the energy density of the open strings. In this discussion,
no symmetry is necessary to show the correspondence. We can also consider the non-
extremal case since the near horizon limit is not needed for our discussion. It is not clear
whether an event horizon is formed or not. If it is the case, a non-extremal black brane is
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realized as a system of dense and strongly coupled open strings. It would be interesting
to investigate this system in detail.
For Wilson loops, on the other hand, we take the near horizon limit in order to use
the generalized scale invariance, by which we can relate the Wilson loops in SYM to
the minimal surfaces in the classical curved background. This analysis can be easily
generalized to the GKPW relation. It is also interesting to apply our argument to other
systems, although it is limited to systems which can be embedded in string theory.
In this paper, we have mainly discussed the correspondence between SYM and classical
gravity. We can also consider α′-corrections by taking λ large but finite. In SYM, they
correspond to 1/λ
2
7−p expansion. For the energy density, we can repeat the same argument
as section 2. We can still identify the ADM mass with the energy density of the Dp-
branes. The only difference is that we should include the higher derivative corrections to
the supergravity equation of motion. Then the black p-brane solution is modified, and
the relations among M , U0, β receive corrections, but the rest is the same.
For the Wilson loop, we can consider the α′-corrections as follows. This time, we need
to consider not only the minimal surface but also the fluctuations of the non-linear sigma
model
S = −
λ
2
7−p
2π
∫
Σ
d2σGµν(X)∂aX
µ∂aXν + · · · . (4.58)
Here Gµν is the black p-brane metric with α
′ corrections, and Σ is a disk whose boundary
is on the source D-brane. When λ is finite, the near horizon region is not infinitely
large. Therefore the best we can do by the generalized scale transformation is to lift
the source D-brane to a distance of order λ
1
7−p from the Dp-branes. Then the exchange
of massive modes between the Dp-branes and Σ is not completely negligible, but is of
order O(exp(−λ
1
7−p )). However, as long as λ is large compared to 1, this is negligible
compared to the perturbative effects in (4.58), which are expressed as a power series in
1/λ
2
7−p . Thus we can justify that the α′ corrections of the classical string corresponds to
the 1/λ
2
7−p expansion of SYM.
Though we can include α′ corrections in this manner, it seems to be very difficult to
include quantum effects of closed strings, or in other words, to take N to be finite [15].
If we allow the worldsheet to have a handle, it can be stretched outside the near horizon
region, as shown in figure 8, and the generalized scale transformation is not a symmetry
any more [2].
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Figure 8: A worldsheet with a handle, which can be stretched outside the near horizon
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